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Abstract
Let Ω ⊂ RN , N ≥ 1, be a smooth bounded domain, and letm : Ω→
R be a possibly sign-changing function. We investigate the existence
of positive solutions for the semipositone problem{
−∆u = λm(x)(f(u) − k) in Ω,
u = 0 on ∂Ω,
where λ, k > 0 and f is either sublinear at infinity with f(0) = 0, or
f has a singularity at 0. We prove the existence of a positive solution
for certain ranges of λ provided that the negative part of m is suitably
small. Our main tool is the sub-supersolutions method, combined with
some rescaling properties.
1 Introduction
Let Ω be a bounded and smooth domain of RN with N ≥ 1. We are
concerned with the problem
(Pλ)
{
−∆u = λm(x)(f(u)− k) in Ω,
u = 0 on ∂Ω,
where λ, k > 0 andm : Ω→ Rmay change sign. Here either f is nonnegative
and continuous on [0,∞) with f(0) = 0 or f is positive and continuous in
(0,∞) and singular at 0. Our main purpose is to establish existence results
for strictly positive solutions of (Pλ).
In the first case, we assume that f is sublinear at infinity. More precisely,
we suppose that f satisfies one of the following conditions:
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(F1) For some 0 < p < 1,
lim
s→∞
f(s)
sp
= 1. (1.1)
(F2) It holds that
lim
s→∞
f (s) := c <∞. (1.2)
Note that (Pλ) belongs in this case to the class of semipositone problems
(for applications and further references on semipositone problems we refer
the reader to [5, 7] and the nice survey papers [3, 13] and references therein).
We observe that proving the existence of a positive solution of (Pλ) is not
straightforward, since the strong maximum principle does not apply. In fact,
even the existence of nonnegative solutions via standard variational methods
is not clear for (Pλ) (even if m ≥ 0).
In [2], the problem (Pλ) was investigated when m ≡ 1 and lim
s→∞
f(s)
s
=
0. Using the sub-supersolutions method, the existence of a nonnegative
solution for λ sufficiently large was proved. Still in the case m ≡ 1, the
authors of [5] followed a non-standard variational approach and proved non-
existence, existence, and multiplicity results for nonnegative solutions in
both the sublinear and superlinear cases. In addition, in the sublinear case
they proved the existence of a positive solution when Ω is a ball.
On the other hand, in [1] the authors employed bifurcation and degree
theory arguments to obtain a positive solution of (Pλ) for λ sufficiently
large. However, their result holds when m > 0 in Ω. More concretely, they
considered the problem
{
−∆u = λf(x, u) in Ω,
u = 0 on ∂Ω,
(1.3)
and proved the following:
Theorem 1.1. [1] Let f : Ω × [0,∞) → R be a continuous function such
that:
1. f(x, 0) < 0 for all x ∈ Ω.
2. There exists a continuous function b : Ω→ (0,∞) such that
lim
s→∞
f(x, s)
sq
= b(x) uniformly in x ∈ Ω, with 0 ≤ q < 1.
Then there exists λ0 > 0 such that (1.3) has a positive solution for
λ ≥ λ0. More precisely, there exists a connected set of positive solutions of
(1.3) bifurcating from infinity at λ∞ =∞.
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Let us mention that they also dealt with the superlinear case, obtaining
now a positive solution for all λ > 0 sufficiently small. Still with f super-
linear, but now with m allowed to change sign, one may combine rescaling
and continuity arguments to show that (Pλ) has a positive solution for λ
sufficiently small, see [4]. These arguments rely on the fact that the strong
maximum principle applies to the problem{
−∆u = m(x)up in Ω,
u = 0 on ∂Ω,
with p > 1. However, when 0 < p < 1 and m changes sign in Ω, this
is no longer true. We shall then follow a different approach, based on the
sub-supersolutions method.
Let us denote by P◦ the interior of the positive cone in C10(Ω), i.e.,
P◦ := {u ∈ C1(Ω) : u > 0 in Ω, u = 0 on ∂Ω and ∂u/∂ν < 0 on ∂Ω},
where ν is the outward unit normal to ∂Ω. We also write as usual m =
m+ −m− with m+ := max (m, 0) and m− := max (−m, 0).
We next state our first main result:
Theorem 1.2. Let m ∈ L∞ (Ω) and f : [0,∞) → [0,∞) be a continuous
function with f(0) = 0. Assume one of the following conditions:
1. f satisfies (F1).
2. f satisfies (F2) with c > k.
If ‖m−‖L∞(Ω) is sufficiently small, then there exists λ0 > 0 such that
(Pλ) has a solution uλ ∈ P
◦ for all λ ≥ λ0. Moreover, uλ(x) → ∞ as
λ→∞ for every x ∈ Ω.
To be more specific, the smallness condition on m− in Theorem 1.2
should hold with respect to m+. In case (1), it must be such that, for some
δ > 0, the problem{
−∆w = (1− δ)m+ (x)wp −m− (x)wp in Ω,
w = 0 on ∂Ω,
(1.4)
has a solution w ∈ P◦, see Corollary 2.3 below. Some examples of such
condition on m can be found in [9, Theorems 2.1 (ii), 3.1 and 3.3] when
N = 1 or when Ω is a ball and m is radial, and more generally for any
smooth bounded domain in [10, Theorem 3.1]. We note that the solution
found in the above theorem in fact lies in W 2,q (Ω) for some q > N , and
thus also in C1,θ(Ω) with 0 < θ < 1.
In case (2), we require m− to be sufficiently small so that the unique
solution u of {
−∆u = m(x) in Ω,
u = 0 on ∂Ω,
(1.5)
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belongs to P◦ (regarding this issue, see Remark 2.5 below). Let us point
out that the above condition was used in [6] in order tu study existence
of positive solutions to some superlinear elliptic problems, and also [12] for
getting positive solutions for some indefinite singular sublinear problems.
Let us also remark that the main difficulty in the proof of Theorem 1.2
is to provide a positive subsolution of (Pλ). Even though Theorem 1.2 is
already known in the case m > 0, to the best of our knowledge, our way of
getting a positive subsolution is new even in this case, and extends naturally
to the case where m changes sign.
Next, we deal with (Pλ) in the singular case, namely, when f : (0,∞)→
(0,∞) is continuous and satisfies:
(F3) For some p > 0,
lim
s→0+
f(s)sp = 1. (1.6)
In this case we have:
Theorem 1.3. Let m ∈ L∞ (Ω) and f : (0,∞) → (0,∞) be a continuous
function satisfying (F3). If ‖m−‖L∞(Ω) is sufficiently small, then there exists
λ0 > 0 such that (Pλ) has a positive solution uλ ∈ C
1(Ω) ∩ C(Ω) for all
0 < λ ≤ λ0. Moreover,
lim
λ→0+
‖uλ‖L∞(Ω) = 0.
The smallness condition on m− in Theorem 1.3 must be such that the
problem {
−∆w = (m(x)− δ)w−p in Ω,
w = 0 on ∂Ω,
admits a positive solution for some δ > 0. Such conditions can be found in
[11, Corollaries 3.7 and 4.6]. Let us mention that singular problems similar
to (Pλ), with a nonnegative weight m, have been widely studied in the
literature (see e.g. [13, 15, 16, 17] and references therein), while recently the
case k = 0 and m sign-changing was considered in [11].
2 Proof of the main results
Given m ∈ Lq(Ω), q > N , let u ∈W 2,q(Ω)∩W 1,q0 (Ω) be the unique solution
of (1.5) and let S : Lq(Ω)→W 2,q(Ω) be the corresponding solution operator,
i.e., S (m) := u.
Lemma 2.1. Let m,h ∈ Lq (Ω), q > N , with 0 6≡ h ≥ 0 in Ω. Suppose that
for some δ > 0 the problem (1.4) has a solution w ∈ P◦. Then there exists
β0 > 0 such that for all β ∈ (0, β0] there exists uβ ∈ P
◦ solution of
{
−∆u = m (x) up − βh (x) in Ω,
u = 0 on ∂Ω.
(2.1)
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Proof. First we observe that if ϕ := S (m+) ∈ P◦ and t ≥ ‖ϕ‖
p
1−p
∞ , then
tϕ is a supersolution of (2.1). Indeed,
−∆(tϕ) ≥ (t ‖ϕ‖∞)
pm+ (x)
≥ m (x) (tϕ)p ≥ m (x) (tϕ)p − βh (x) in Ω.
On the other hand, let v := S (h) and fix δ > 0 and w ∈ P◦ a solution
of (1.4). Then there exists β0 > 0 such that for all β ∈ (0, β0] we have that
βv ≤ δw in Ω, and consequently
(1− δ)w ≤ w − βv in Ω. (2.2)
Now, for such β, employing (2.2) we derive that
−∆(w − βv) = (1− δ)m+ (x)wp −m− (x)wp − βh (x)
≤ (1− δ)pm+ (x)wp −m− (x) (w − βv)p − βh (x)
≤ m+ (x) (w − βv)p −m− (x) (w − βv)p − βh (x) in Ω.
In other words, w − βv is a subsolution of (2.1). Thus, applying the well-
known sub-supersolutions method in the presence of well-ordered weak sub
and supersolutions (see e.g. [8, Theorem 4.9]) we obtain a solution u ∈
H10 (Ω) ∩ L
∞ (Ω). Moreover, by standard regularity arguments we deduce
that u ∈W 2,q (Ω), q > N , and so, since w− βv ∈ P◦, we may conclude also
that u ∈ P◦. 
Theorem 2.2. Let m ∈ L∞ (Ω) and f : [0,∞) → [0,∞) be a continuous
function satisfying (F1) and f(0) = 0. Assume in addition that for some
β > 0 the problem
(Pm,β)
{
−∆w = m(x)wp − β in Ω,
w = 0 on ∂Ω,
has a positive solution w ∈ C(Ω). Then there exists λ0 > 0 such that (Pλ)
has a positive solution uλ ∈ W
2,q (Ω), q > N , for all λ ≥ λ0. Moreover,
uλ(x)→∞ as λ→∞ for every x ∈ Ω.
Proof. We set uλ := λ
1
1−pw, so that
−∆uλ = λ
1
1−p (m(x)wp − β) .
Thus uλ is a subsolution of (Pλ) if and only if
λ
1
1−p (m(x)wp − β) ≤ λm(x)
(
f(λ
1
1−pw)− k
)
. (2.3)
This inequality is equivalent to
β
wp
≥ m (x)

1− f(λ
1
1−pw)(
λ
1
1−pw
)p

+ km (x)(
λ
1
1−pw
)p . (2.4)
5
Let us set ε := inf
x∈Ω
β
w(x)p
. Since lim
s→∞
f(s)
sp
= 1, there exists s0 > 0 such
that ∣∣∣∣1− f(s)sp
∣∣∣∣ < ε2‖m‖∞ and
k
sp
<
ε
2‖m‖∞
for s > s0.
Hence, for x ∈ Ω such that λ
1
1−pw(x) > s0 we have
m (x)

1− f(λ
1
1−pw(x))(
λ
1
1−pw(x)
)p

+ km (x)(
λ
1
1−pw(x)
)p < ε ≤ βw(x)p ,
so that (2.3) holds for such x.
Now we set S := sup
0≤s≤s0
|sp − f(s)| and fix λ0 > 0 such that
λ
p
1−pβ − km(x) > S‖m‖∞
for every x ∈ Ω if λ ≥ λ0. Consequently, if λ ≥ λ0 and x ∈ Ω is such that
λ
1
1−pw(x) ≤ s0, then∣∣∣m (x)((λ 11−pw(x))p − f(λ 11−pw(x)))
∣∣∣ ≤ S‖m‖∞ < λ p1−pβ − km(x),
which yields (2.3). Therefore, uλ is a subsolution of (Pλ) for λ ≥ λ0.
On the other hand, let e := S (1). We define uλ := t(e + 1) with t > 0.
Then uλ is a supersolution of (Pλ) if and only if
t ≥ λm (x) (f(t(e+ 1))− k) in Ω,
i.e.
1 ≥ λm (x)
f(t(e+ 1))− k
t(e+ 1)
(e+ 1) in Ω. (2.5)
Since lim
s→∞
f(s)
s
= 0, it follows that given ε > 0 there exists s1 > 0 such that∣∣∣f(s)−ks
∣∣∣ < ε for every s > s1. In particular, if t > s1 then t(e(x)+1) > t > s1,
so that ∣∣∣∣f(t(e+ 1)) − kt(e+ 1)
∣∣∣∣ < ε in Ω.
Thus we see that (2.5) holds for all t sufficiently large. Taking t larger if
necessary, we have λ
1
1−pw ≤ t(e+1) in Ω, i.e. uλ ≤ uλ in Ω. We obtain then,
for λ ≥ λ0, a solution uλ of (Pλ) satisfying uλ ≤ uλ ≤ uλ. In particular, for
every x ∈ Ω we have uλ(x) ≥ λ
1
1−pw(x)→∞ as λ→∞.
The proof is now complete. 
As an immediate consequence of Theorem 2.2 and Lemma 2.1 we have
the following:
6
Corollary 2.3. Let m ∈ L∞ (Ω) and f : [0,∞) → [0,∞) be a continuous
function satisfying (F1) and f(0) = 0. Assume in addition that for some
δ > 0 the problem (1.4) has a solution w ∈ P◦. Then there exists λ0 > 0
such that (Pλ) has a solution uλ ∈ P
◦ for all λ ≥ λ0. Moreover, uλ(x)→∞
as λ→∞ for every x ∈ Ω.
We now consider the case where f is bounded:
Theorem 2.4. Let m ∈ Lq (Ω), q > N , and f : [0,∞) → [0,∞) be a
continuous function satisfying (F2) with c > k and f(0) = 0. Assume in
addition that S (m) ∈ P◦. Then there exists λ0 > 0 such that (Pλ) has a
solution uλ ∈ P
◦ for all λ ≥ λ0. Moreover, uλ(x)→∞ as λ→∞ for every
x ∈ Ω.
Proof. Let c be given by (F2) and define C := sup
s>0
f (s). Observe that
C ∈ [c,∞). We also set, for δ > 0,
Ωδ := {x ∈ Ω : dist (x, ∂Ω) ≥ δ}
and
Mδ (x) := (c− k)m (x)− δ |m (x)|χΩδ −
(
cm (x) +Cm− (x)
)
χΩ\Ωδ ,
where χA denotes the characteristic function of A.
Since c > k, S (m) ∈ P◦ and the solution operator S : Lq(Ω)→ C1(Ω) is
continuous, there exists δ > 0 such that the problem
{
−∆w =Mδ (x) in Ω,
w = 0 on ∂Ω,
admits a solution w ∈ P◦. Now, w (x) ≥ η > 0 for all x ∈ Ωδ and some
η > 0, and hence taking into account (1.2) we see that there exists λ0 > 0
such that for all λ ≥ λ0 it holds that
λm (x) (f (λw)− k) = λm+ (x) (f (λw)− k)− λm− (x) (f (λw)− k)
≥ λm+ (x) (c− k − δ)− λm− (x) (c− k + δ)
= λMδ (x) in Ωδ.
On the other side, for all λ > 0, we also have that
λm (x) (f (λw)− k) = λm+ (x) (f (λw)− k)− λm− (x) (f (λw)− k)
≥ −λm+ (x) k − λm− (x) (C − k)
= λMδ (x) in Ω \Ωδ.
So, −∆(λw) ≤ λm (x) (f (λw)− k) in Ω and therefore λw is a subsolution
of (Pλ).
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Let now ϕ := S (|m|) ∈ P◦ and C be as above. Given λ ≥ λ0, we choose
t0 ≥ λC. Since C > k, we get, for every t ≥ t0,
−∆(tϕ) ≥ λm+ (x)C + λm− (x) k
≥ λm+ (x) f (tϕ) + λm− (x) k
≥ λm (x) (f (tϕ)− k) in Ω,
and thus tϕ is a supersolution of (Pλ). Enlarging t if necessary, so that
tϕ ≥ λw in Ω, we obtain then, for λ ≥ λ0, a solution uλ of (Pλ) satisfying
that λw ≤ uλ ≤ tϕ in Ω. In particular, uλ(x) → ∞ as λ → ∞ for every
x ∈ Ω, and this ends the proof of the theorem. 
Remark 2.5. Let δΩ (x) := dist (x, ∂Ω). If Ω := (a, b) ⊂ R, it follows
directly from Lemma 2.1 in [11] that if
max
{∫ b
a
(t− a)m− (t) dt,
∫ b
a
(b− t)m− (t) dt
}
<
∫ b
a
δΩ (t)m
+ (t) dt,
then S (m) ∈ P◦. For a smooth bounded domain Ω ⊂ RN , Lemma 2.2 in
[11] allows us to reach the same conclusion provided that
cΩ
∥∥m−∥∥
Lq(Ω)
<
∫
Ω
δΩ (x)m
+ (x) dx,
where cΩ > 0 is some constant depending only on Ω. 
Remark 2.6. Let f be merely bounded, define l0 := lims→∞f (s) and
l1 := lims→∞f (s), and suppose that l0 > k. Then, reasoning as in Theorem
2.4 one can show the existence of positive solutions of (Pλ) for λ large enough
provided that S (l0m
+ − l1m
−) ∈ P◦. It is an interesting open question to
see if this remains true just under the hypothesis of Theorem 2.4, namely,
S (m) ∈ P◦. 
We finally study the case of a singular nonlinearity. For the precise
definition of sub and supersolutions in this case we refer to [14, Section 4].
Theorem 2.7. Let m ∈ L∞ (Ω) and f : (0,∞) → (0,∞) be a continuous
function satisfying (F3). Assume that for some δ > 0 the problem
(Pm,δ)
{
−∆w = (m(x)− δ)w−p in Ω,
w = 0 on ∂Ω,
has a positive solution w ∈ C1(Ω) ∩ C(Ω). Then there exists λ0 > 0 such
that (Pλ) has a positive solution uλ ∈ C
1(Ω) ∩ C(Ω) for every 0 < λ ≤ λ0.
Moreover,
lim
λ→0+
‖uλ‖L∞(Ω) = 0.
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Proof. Let δ > 0 and w be as in the statement of the theorem. Define
σ :=
1
1 + p
∈ (0, 1) .
Note that 1 − σp = σ. Let v := λσw. So v is a subsolution of (Pλ) if and
only if
−∆v = λσ(m(x)− δ)w−p ≤ λm(x) (f(λσw)− k) ,
i.e.
(m(x)− δ)w−p ≤ λ1−σm(x) (f(λσw)− k) .
Multiplying by wp and using that 1−σ = σp, we get the equivalent condition
δ ≥ m(x) (1− f(λσw) (λσw)p) + km(x) (λσw)p .
Now, since m and w are bounded and lim
s→0+
f(s)sp = 1, we see that for λ
sufficiently small the inequality above holds, and thus v is a subsolution of
(Pλ).
On the other hand, let ϕ := S (|m|) and t > 0. Then,
−∆(t(λϕ)σ) = tλσ
(
−σϕσ−1∆ϕ− σ (σ − 1)ϕσ−2 |∇ϕ|2
)
≥ tσλσϕσ−1|m(x)|,
so that t(λϕ)σ is a supersolution of (Pλ) whenever
tσ(λϕ)σ−1 ≥ f(t(λϕ)σ) and tσ(λϕ)σ−1 ≥ k. (2.6)
The first inequality in (2.6) holds if
tp+1σ = tp+1σ(λϕ)σ(p+1)−1 ≥ f(t(λϕ)σ) (t(λϕ)σ)p in Ω.
Recalling that lims→0+ f(s)s
p = 1, we obtain some s1 > 0 such that
f(s)sp < 2 for 0 < s ≤ s1.
Consequently, if t(λϕ)σ ≤ s1 and t
p+1σ > 2 then
f(t(λϕ)σ) (t(λϕ)σ)p < tp+1σ.
In other words, if we choose t > 0 such that tp+1σ > 2 and
λ0 ≤
(s1
t
) 1
σ
‖ϕ‖−1∞ ,
then the first inequality in (2.6) holds for λ ≤ λ0. Moreover, if in addition
λ0 ≤
(
tσ
k
) 1
1−σ
‖ϕ‖−1∞ ,
then the second inequality in (2.6) also is true for λ ≤ λ0.
Finally, since ϕ ∈ P◦, we may take t in such a way that w ≤ tϕσ.
Therefore, [14, Theorem 4.1] provides us a solution uλ ∈ C
1(Ω) ∩ C(Ω) of
(Pλ) such that λ
σw ≤ uλ ≤ tλ
σϕσ for 0 < λ ≤ λ0. In particular, we have
that ‖uλ‖∞ → 0 as λ→ 0
+. The proof is now complete. 
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